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Abstract
We study partial supersymmetry breaking in effective N = 2 U(1)n gauge theory
coupled to complex hypermultiplets by using the method of ”arXiv:1501.07842” to
which we refer to as ADFT method. We derive the generalisation of the symplectic
invariant ADFT formula ζa =
1
2εabc
(PbMCMNPcN) capturing information on partial
breaking. Our extension of this anomaly is expressed like da =
1
2εabcP
bMCMNPcN +
Ja; the generalized moment maps PaM contain PaM and depend as well on elec-
tric/magnetic coupling charges GM =
(
ηi, gi
)
, the Ja is an extra contribution induced
by Killing isometries in complex hypermatter sector. Using SP(2n,R) symplectic sym-
metry, we also give the N = 2 partial breaking condition and derive the model of
”arXiv: 1204.2141” by a particular realisation of da anomaly.
Key words: Rigid limit of N = 2 supergravity, Rigid Ward identity, Partial breaking,
moment maps.
1 Introduction
The partial breaking of rigid N = 2 supersymmetric field theory was widely studied in the
literature [1–8] . To our knowledge, the first model realizing the N = 2 partial breaking was
introduced by Antoniadis, Partouche and Taylor (APT) in [1] where the partial breaking, for
an N = 2 effective pure abelian gauge theory, was interpreted as resulting from the presence
of magnetic Fayet-Ilioupoulos (FI) charges beside the electric ones. The presence of these FI
charges allow to evade the no-go theorem which forbids such phenomenon to occur [10, 11].
Recently the interpretation of the APT model in terms of triplets of symplectic hyper-Kahler
moment maps (Pa)M ≡ PaM was given by Andrianopoli, D’Auria, Ferrara and Trigiante
†Corresponding author, E-mail: mohamedvall.ma@gmail.com
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(ADFT) in [7]. There, the authors showed that the partial breaking is induced by a non
vanishing symplectic invariant isotriplet CAB = ζc (τ
c)AB deforming the SU (2)R invariant
APT scalar potential δABVAPT in the rigid Ward identity. This SU (2)R triplet ζc reads in
terms of the PaM ’s as follows
ζc =
1
2
εabcPaMCMNPbN (1.1)
where τ c stand for the three Pauli matrices, εabc the completely antisymmetric tensor in 3D
and the 2n× 2n matrix
CMN =
(
0n In
−In 0n
)
(1.2)
is the SP (2n,R) symplectic metric of the scalar manifold of the Coulomb branch of the
N = 2 supersymmetric U (1)n effective gauge theory. The PaM moment maps are obtained
from the gauging of Killing vectors of the hypermultiplet scalar manifold SO(1, 4) /SO (4)
in the rigid limit of gauged N = 2 supergravity [8, 9]. In this rigid limit, the observable
sector contains only the N = 2 supersymmetric U (1)n vector multiplets while gravitation
and hypermultiplet are in the hidden sector; and then the study of the coupling of the APT
model, by using the ADFT method [7], to observable hypermatter is still missing.
The aim of the present paper is to fill this gap in the literature by studying the extension
of the N = 2 ADFT method to include gauge invariant couplings with observable complex
hypermatter. Here, we use the N = 1 language to deal with N = 2 supermultiplets; the
complex scalars q1, q2 of a hypermultiplet carry opposite gauge charges under U (1)n and are
thought of as scalars of two N = 1 multiplets Qu = {qu, χu} with complex χu standing for
the fermionic partners of the qu in the complex hypermultiplet. The Weyl fermions χ1, χ2
carry opposite gauge charge under U (1)n, the same charges as for q1, q2. By exhibiting the
SP (2n,R) symplectic structure of the extended model, and following the ADFT method, we
show in this study that the partial breaking of effective N = 2 supersymmetric U (1)n theory
coupled to a complex hypermultiplet is due to a generalised moment maps PaM extending
the PaM ’s of ADFT appearing in eq(1.1) and having the form PaM = PaM + δPaM . The
moment map deformation δPaM is induced by the coupling of APT theory to the complex
hypermultiplet and so depends on the symplectic gauge coupling constants (gi, η
i) and also
on
〈
qA
〉
, the VEVs of the complex fields. The above ADFT deformation ζc extends, in
presence of observable complex hypermatter, as follows
da =
1
2
εabcP
bMCMNPcN + 1
2
ΩuvN uτaN¯ v (1.3)
and is given by the sum of four contributions like da = ζa + αa + βa + Ja where ζa is as
in eq(1.1) and the others coming from hypermatter and its couplings with gauge degrees of
freedom. In this relation, the first three contributions ζa + αa + βa are proportional to the
SP (2n,R) metric CMN of the Coulomb branch, while Ja is proportional to the symplectic Ωuv
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in the hypermatter sector. After giving the N = 2 supersymmetry partial breaking condition
in terms of above abstract isovector da, we turn to show that the Antoniadis, Derendinger
and Jacot (ADJ) scalar potential VADJ and the partial supersymmetry breaking condition
obtained in [6] can be recovered by making a particular choice of the components of PaM
and N uA.
The organization of this paper is as follows: In section 2, we give a short review of the
ADFT method by focussing on key points; in particular on the derivation of (1.1). In section
3, we couple the APT model to a complex hypermultiplet by using the to ADFT method
and develop the study of rigid Ward identity as well as its implication on the structure of the
induced scalar potential and the isovector anomaly. In section 4, we first give the condition
for N = 2 supersymmetry partial breaking to occur; then we re-derive the ADJ model of [6]
by choosing particular values of the components of the moment maps PaM . Section 5 is
devoted to the conclusion;
2 Rigid Ward identity in ADFT method
In this section, we give the main lines of the derivation of the scalar potential VN=2APT and the
2×2 matrix anomaly CAB in the rigid limit of N = 2 supergarvity coupled to n abelian vector
multiplets and one real hypermultiplet with SO (4, 1) /SO (4) quaternionic Kahler geometry
by following the ADFT method. In gauged N = 2 supergravity theory, the induced scalar
potential Vsugra is related to the supersymmetric transformations δψτA of the fermions via
the following Ward identity [7],
δABVsugra =
∑
τ
ατδCψ
τAδ¯
C
ψ¯
τ
B (2.1)
Here, the summation is taken over all the ψτA fermions in the gauged N = 2 supergravity
theory; it includes the two gravitini, the gaugini and the hyperini. The ατ constants are
positive for the spin 1
2
fermions and negative for the gravitini.
In the rigid limit considered in [8, 9], the above supergravity Ward identity (2.1) becomes
Gij¯
(
W i
)A
C
(W¯ j¯)CB = δ
A
BVN=2APT +CAB (2.2)
where VN=2APT is the APT potential and CAB = ζc (τ c)AB is an anomalous term which has been
shown to have an interpretation in terms of symplectic hyper-Kahler moment maps PaM as
in (1.1). The other quantities involved in this identity are briefly described below. First,
Gij¯ is the metric of the rigid special Kahler manifold of the Coulomb branch, it is given by
ImFij which is the imaginary part of the second derivative of the holomorphic prepotential
F of the effective N = 2 supersymmetric U(1)n gauge theory [6]. The n quantities (W i)AB
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are 2×2 matrices involved in the supersymmetric transformations of the n gaugini doublets
λiA; they are given by
δBλ
iA =
(
W i
)A
B
(2.3)
where (W j)
A
B matrices read explicitly as follows
(
W j
)A
B
=
(
iDj −√2F j√
2F j + 1
2
√
2mj −iDj
)
(2.4)
whith 1√
2
mj has an interpretation in terms of magnetic FI charges [6].By substituting the
auxiliary fields
(
F j, F¯ j, Dj
)
by their explicit expressions derived from the effective field
action of the N = 2 supersymmetric gauge theory, we can bring the above matrices into the
following form (
W i
)A
B
= iGij¯ (τa)ABW ai , W ai = PaM U¯Mj¯ (2.5)
where PaM are the moment maps of the 4-dim hyperKahler geometry in the hidden sector of
the rigid limit of N = 2 gauged supergravity [8, 9]. An explicit expression of these PaM ’s is
given by the values of APT model; its reads in terms of N = 2 electric eai and magnetic mai
Fayet-Iliopoulos charges as follows
PaM =
√
2
(
mai
eai
)
(2.6)
In this formulation, the electric eai ’s and the magnetic m
ai’s are thought of as real isotriplets;
and so the moment maps are also real isotriplets carrying moreover a symplectic quantum
number. The complex quantity UMi is the gradient of the holomorphic SP(2n,R) symplectic
section V M of the rigid special Kahler geometry. In the local coordinate frame where the
homogeneous
(
X0, XI
)
are taken as
(
1, δIi z
i
)
, the expressions of V M and UMi read like
V M =
(
zi
Fi
)
, UMi =
∂
∂zi
V M (2.7)
The complex zi are the n scalar fields belonging to the N = 2 supersymmetric U(1)n vector
supermultiplets and Fi are the symplectic dual of zi; they are given by the gradient of
the holomorphic prepotential F (z) of the effective theory. Putting (2.5) back into (2.2),
we can obtain explicit expressions of the APT potential VN=2APT and the rigid anomaly CAB
in terms of the following quantities: (i) the symplectic isotriplet moment maps PaM of the
SO (4, 1) /SO (4) quaternionic Kahler manifold, (ii) the metric Gij¯ of the special Kahler
manifold; and (iii) the holomorphic sections UMi ; they read as follows
VN=2APT = 12PaMMMNPaN
CAB =
1
2
εabc
(PaMCMNPbN) (τ c)AB (2.8)
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where CMN is the invariant symplectic metric of SP(2n,R) and the symplectic coupling
matrix MMN is given by
MMN = 2UMi Gij¯U¯Nj¯ + iCMN (2.9)
It is related to the prepotential F as follows [7, 12]
MMN =
(
ImF + ReF (ImF)−1ReF −ReF (ImF)−1
− (ImF)−1ReF (ImF)−1
)
(2.10)
Notice that in the left hand of the rigid Ward identity (2.2), there is only a contribution
coming from the gauge sector of the theory. In next section, we study the generalisation of
this Ward identity by implementing the contribution coming from hypermatter sector. This
requires extending the APT model by implementing gauge invariant couplings to complex
hypermatter.
3 Coupling APT model to hypermatter
In this section, we use the ADFT method introduced above to study the extension of the
APT model by implementing gauge invariant couplings between the n vector multiplets and
nH complex hypermultiplets. Here, we will assume that the complex scalar fields of the
hypermultiplets parameterise the flat complex hyperKahler manifold C2nH .
3.1 Rigid Ward identity in extended ADFT
The rigid Ward identity of ADFT method coupled to complex hypermatter has two main
contributions: a gauge contribution coming from the pure ADFT sector and a matter one
coming from complex hypermatter. Before studying these contributions it is interesting to
introduce the bosonic and fermionic degrees of freedom of a complex on shell hypermulti-
plet H . The usual four real bosonic degrees are described here by two complex fields q1,
q2 carrying opposite gauge charges under U(1)
n gauge symmetry group of the APT theory.
They will be collectively denoted like qu with u = 1, 2. The fermionic degrees of the complex
hypermultiplet are given by a pair of complex Weyl ψ and ξ carrying opposite U(1) gauge
charges and are collectively denoted by χu = (ψ, ξ). Bosonic and fermionic degrees form
two chiral supermultiplets {qu, χu} and can be described by N = 1 chiral superfields Qu
carrying opposite gauge charges. In the case where there are nH complex hypermultiplets
HI , the bosonic and fermionic degrees of freedom are described by adding the extra index
I = 1, ..., nH [13, 14]. For convenience, we shall restrict our analysis below to one complex
hypermultiplet by dropping out the I index; the generalisation for the particular C2nH hy-
perKahler geometry is straightforward and omitted. In the case nH = 1, the rigid fermionic
5
transformation generalising (2.3) are given by [6]
δλiA = (W i)AB ǫB
δχu = 2 (N uA) ǫA
(3.1)
where the λiA’s are the n gaugini doublets of section 2 and the χu referring to the 2 hyperini
of hypermatter. The scalar matrices W i and N uA are given by:
N uA = KuAGM V¯ M
(W i)AB = iGij¯ (τ a)AB (PaM U¯Mj¯ )
(3.2)
with V¯ M is the antiholomorphic section of the rigid special geometry given by (2.7). The
GM and K
Au stand respectively for the electric- magnetic gauge charges and Killings
GM =
(
ηi
gi
)
, GM =
(
−gi
ηi
)
KAu =
(
ku
k¯u
)
, KuA =
(
−k¯u
ku
) (3.3)
with ku giving the Killing vectors of the complex hypermultiplet manifold explicitly given
by
ku = −i
(
q1
−q2
)
, k¯u = i
(
q¯1
−q¯2
)
(3.4)
In the second relation of the system of equations (3.2), the Gij¯ and U¯M
j¯
are as in (2.5); but the
PaM ’s are generalized moment maps. Recall that the real scalars (ϕ, φ
a) parametrize the real
hyper-Kahler manifold SO(4,1)
SO(4)
which lives in the hidden sector of the rigid limit of N = 2
gauged supergravity [8, 9]; while the complex scalars qu = (q1, q2) are coordinates of the
hyperKahler manifold C2. Thus, one can expect that the PaM has two main contributions;
the previous PaM coming from the SO(4,1)SO(4) factor of the hidden sector and an extra RaM
descending from the complex hypermultiplet parameterising C2. So, we can define PaM as
follows
P
a
M = PaM +RaM , PaM
∣∣
ADFT
= PaM (3.5)
with
PaM =
√
2
(
mai
eai
)
, RaM =
√
2
(
Mai
Eai
)
(3.6)
where RaM is due to hypermatter. The splitting (3.5) implies that (W i)AB splits as well as
the sum of two terms as follows
(W i)A
B
=
(
W i
)A
B
+
(
Y i
)A
B
(3.7)
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with (W i)
A
B given by (2.5) of the ADFT and(
Y i
)A
B
= iGij¯ (τ a)AB (RaM U¯Mj¯ ) (3.8)
Moreover, because of the presence of complex hypermatter, the rigid Ward identity (2.2)
extends as follows
Gij¯
(W i)A
C
(W¯ j¯)CB + 2 (N uB)
(N¯Au ) = δABVN=2scal +DAB (3.9)
where now VN=2scal is the scalar potential of the deformed APT model which will be shown later
on to lead to the ADJ potential VN=2ADJ and a variant of it involving dyonic gauge couplings.
The DAB is an anomalous term that will be determined as well later on. These two VN=2scal
and DAB quantities are functions of the degrees of freedom of the complex hypermultiplets;
in particular of the fields (q1, q2); they reduce to VN=2APT and CAB of the ADFT if the couplings
to complex hypermultiplet are turned off. The left hand side of the rigid Ward identity (3.9)
has now two blocks GBA andM
B
A given by
GAB = Gij¯ (W i)AC (W¯ j¯)CB
MAB = 2 (N uB)
(N¯Au ) (3.10)
with fermionic field shifts (W i)AB and N uA as in (3.2). In the next subsection we compute the
above GAB andM
A
B in term of the moment maps (3.5) and compare the obtained expressions
with the ones given by ADFT method.
3.2 Computing eqs(3.2)
First, we calculate the gauge sector contribution to the rigid Ward identity given by GAB ;
and turn after to the contribution MAB coming from complex hypermatter.
3.2.1 APT sector
The explicit expression of the gauge sector contribution GAB = Gij¯ (W i)AC (W¯ j¯)CB to the rigid
Ward identity (3.9) is obtained by substituting (W i)AC by its expression in (3.2). We find
after rearranging terms the following expression
GAB =
1
2
δABP
a
MMMNPaN +
1
2
εabc
(
P
a
MCMNPbN
)
(τ c)AB (3.11)
This 2×2 matrix has four terms that can be viewed as the sum of two SU(2)R blocks like
δABS0 + SAB with TrSAB = 0. These two blocks are precisely the contributions to the scalar
potential VN=2scal and the DAB anomaly coming from the transformations of gaugini.
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• Diagonal S0 term
The isosinglet S0 is given by 12Tr
(
GAB
)
; it reads in terms of the generalised moment maps
PaM as follows
S0 = 1
2
P
a
MMMNPaN (3.12)
whereMMN is the inverse of (2.10) and where the generalised moment maps PaM is given by
(3.5); it has an extraRaM contribution coming from the gauge invariant complex hypermatter
couplings. By substituting PaM in (3.12) by PaM + RaM , the above S0 splits as the sum of
three terms as follows
S0 = 1
2
PaMMMNPaN +
1
2
RaMMMNRaN + PaMMMNRaN (3.13)
where the two first terms depend on PaM ; but the last contribution is independent from the
FI charges. So for the limit where the complex hypermatter couplings to gauge sector are
turned off; i.e: the limit RaM → 0, the isosinglet S0 reduces to the ADFT relation and so the
scalar potential coincides with the one of the APT model which in ADFT method is nothing
but a particular field realisation of the following expression
S(ADFT )0 =
1
2
PaMMMNPaN
= Gij¯ [eai − µkaFki] [eaj − µkaFkj] (3.14)
expressed in terms of the electric eai and magnetic µ
ka FI charges. In the limit PaM → 0,
describing the case where electric and magnetic FI charges are turned off, we have
S0|Pa
M
→0 =
1
2
RaMMMNRaN (3.15)
= Gij¯ [Eai −Mka (F)ki] [Eaj −Mka (F)kj]
where the the electric Eai and magneticMka are field dependent couplings. They are functions
of the complex matter scalars qu and the electric gi and magnetic η
i gauge coupling charges.
If using the particular realisation given by eq(4.11) namely
Eai = gi̥a , Mia = ηi̥a (3.16)
these two factorised relations can be combined into a symplectic object as follows
RaM = GM̥a (3.17)
where RaM is as in (3.3). So, we have
S0|Pa
M
→0 =
1
2
GMMMNGN × |̥a|2
= Gij¯ [gi − ηlFli] [gj − ηlFlj]× |̥a|2 (3.18)
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By using (3.17), the third cross term in (3.13) reads as follows
PaMMMNRaN = GMMMNPaN̥a (3.19)
It depends on the product of the PaN Fayet-Iliopoulos and the GM gauge electric- magnetic
coupling charges. The general expression of S0 with non vanishing PaM and RaM gives the
contribution to the scalar potential VN=2ADJ in eq(3.9) coming from the gaugino sector.
• Anomalous term SAB
The traceless matrix SAB contributes to the DAB anomaly in (3.9); it can be presented as an
isotriplet that reads as
SAB =
3∑
c=1
ξc (τ
c)AB (3.20)
with
ξc =
1
2
εabcP
a
MCMNPbN (3.21)
where CMN is the SP (2n,R) symplectic metric. A non vanishing value of ξc breaks partially
N = 2 supersymmetry; it is then interesting to study when the norm ‖ξ‖ is different from
zero. By substituting PaM = PaM +RaM in (3.21), we learn that the isovector ξc splits like the
sum of three isovectors as follows
ξc = ζc + αc + βc (3.22)
with ζc the same isotriplet as in the ADFT; but the two extra αc and βc are new isotriplets
induced by the presence of complex hypermatter. These three isotriplets are given by
ζc =
1
2
εabcPaMCMNPbN
βc =
1
2
εabcRaMCMNRbN
αc = εabcPaMCMNRbN
(3.23)
The real isovector ζc is due to the electric e
a
i and the magnetic m
ai Fayet-Iliopoulos charges
given by (2.6). It reads explicitly as follows
ζc = εabc
(
maiebi − eaimbi
)
= 2εabcm
aiebi (3.24)
A non vanishing of the above ζc’s, which reads in 3- dim vector notation like ~ei∧ ~mi, requires
at least the non vanishing of some of the eai components and some of the m
ai’s. However, in
absence of magnetic mai FI, the isotriplet ζc vanishes identically. The term βc is different
from ζc as it is induced from another source, it is due to the electric gi and magnetic η
i gauge
coupling constants. Using (3.6), we first have
βc = εabc
(MaiE bi − EaiMbi) = 2εabcMaiE bi (3.25)
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By following the analysis on Dyonic gauge coupling to complex hypermatter reported in the
appendix, we find that electric term Eai and the magnetic Mai factorise as follows
Eai = giEa , Mai = ηiMa (3.26)
where Ea and Ma triplets with components depending on the scalar fields of the complex
matter hypermultiplet. So, the above βc anomaly becomes
βc = 2
(
giη
i
)
εabcMaE b (3.27)
Then, non vanishing βc requires non vanishing giη
i and non vanishing ~E ∧ ~M. However, from
the particular realisation eq(4.11) we learn that Ea =Ma = ̥a; then βc vanishes identically.
βc = 0 (3.28)
Concerning the anomaly αc, it is due to both the (e
a
i , m
ai) electric- magnetic FI and the
(gi, η
i) electric-magnetic gauge charges. By using (3.6) and (3.26) as well as setting
gim
ai = κa , ηieai = π
a (3.29)
we can put the αc triplet into the form
αc = εabc
[
κaE b − πaMb] (3.30)
Substituting Ea =Ma = ̥a, we end with
αc = εabc (κ
a − πa)̥b (3.31)
3.2.2 More on scalar potential and anomaly DAB
The contributionMAB = 2N uBN¯Au of the hypermatter sector to the rigid Ward identity (3.9)
comes from the coupling between the n vector V N=2i multiplets and the matter hypermul-
tiplet HN=2. Expanding this matrixMAB on Pauli matrices basis like J0δAB + Ja (τ a)AB and
equating with 2N uBN¯Au , it follows that
J0 = N uAN¯Au , Ja = N uB (τa)BA N¯Au (3.32)
which read also like
J0 = 12εABΩuvNAuN¯Bv
Ja = 12ΩuvN uτaN¯ v
(3.33)
By substituting N uA by its expression in terms of the degrees of freedom of the complex
hypermultiplet namely,
N uA =
(
ηiF¯i − giz¯i
)
KuA
N¯Au = (ηiFi − gizi) K¯Au
(3.34)
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with KuA given by (3.3),
KuA =
(
−k¯u
ku
)
, K¯Au =
(
−ku
k¯u
)
(3.35)
we can write down the explicit expression ofMAB as follows
MAB = M
2
(
KuAK¯
B
u
)
(3.36)
with
M2 = 2
∣∣ηiFi − gizi∣∣2 (3.37)
and
KuAK¯
B
u =
1
2
(
KuAK¯
A
u
)
δAB +
1
2
(
KuτaK¯u
)
(τa)AB (3.38)
reading explicitly like
KuAK¯
B
u =
(
kuk¯u −
(
k¯u
)2
− (ku)2 kuk¯u
)
(3.39)
Then, using (3.4), we can determine the expression of KuAK¯
B
u in terms of the complex scalars.
We find
+k¯uk
u = |q1|2 + |q2|2
− (ku)2 = (q1)2 + (q2)2
− (k¯u)2 = (q¯1)2 + (q¯2)2
(3.40)
Adding the obtainedMAB with the G
A
B contribution (3.11) coming form the gauge sector we
can compute the contribution to the DAB anomaly and the VN=2ADJ scalar potential by using
the rigid Ward identity (3.9) that we rewrite like
GAB +M
A
B = D
A
B + δ
A
BVN=2scal (3.41)
The contribution ofMAB reads explicitly asM
A
B = J0δAB + Ja (τa)AB with
J0 = M22
(
KuK¯u
)
Ja = M22
(
Kuτ aK¯u
) (3.42)
and
J0 = M2
(|q1|2 + |q2|2)
Jaτ a = M2
(
0 (q¯1)
2 + (q¯2)
2
(q1)
2 + (q2)
2 0
)
(3.43)
where the effective mass M2 is given by (3.36). We also have
Ja = M2


Re
[
(q1)
2 + (q2)
2]
Im
[
(q1)
2 + (q2)
2]
0

 (3.44)
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Notice moreover that the ηiFi term in the expression of M2 generalize the hypermultiplet
mass parameter in the ADJ model [6]. This hypermultiplet mass term can be viewed as
M2 = |Z|2 describing a BPS saturation condition [15] with complex Z standing for the
central charge of the N = 2 supersymmetry theory given by
Z =
√
2
(
giz
i − ηiFi
)
=
√
2GMV
M (3.45)
where the gi’s are the electric charges and the η
i’s their magnetic partners. Notice as well
that using (3.3) and M2 = |Z|2, we can express J0 and Ja in terms of the symplectic gauge
coupling constants GM , the holomorphic section V
M and its complex conjugate V¯ N as follows
J0 = GMGN
(
KuK¯u
)
V M V¯ N
Ja = GMGN
(
KuτaK¯u
)
V M V¯ N
(3.46)
showing that they are proportional to (GM)
2, the square of the symplectic gauge coupling
constants with coefficients like gigj , giη
j and ηiηj. From the rigid Ward identity (3.9), we
obtain the following scalar potential
VN=2scal = S0 + J0 (3.47)
where S0 is as in (3.13). We also obtain the matrix anomaly DAB which reads as follows
DAB = SAB + J AB (3.48)
with SAB given by eqs(3.20-3.23). Moreover, being traceless, this DAB matrix can be also
expressed like
DAB =
∑
da (τ
a)AB (3.49)
with
da = ζa + αa + βa + Ja (3.50)
A non vanishing norm of the isotriplet da can break partially supersymmetry as discussed in
next section.
4 Partial breaking and ADJ model
In this section, we study the partial breaking of N = 2 supersymmetry in the generalised
APT model constructed in section 3. This generalized APT model contains also the model
of ADJ as a particular choice of the dyonic FI charges and couplings.
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4.1 Partial breaking
As in the ADFT method, the partial breaking of extended supersymmetry can occur when-
ever the DAB matrix deformation given by eq(3.48) has a non vanishing VEV. This condition
can be stated as
〈
DAB
〉 6= 0 ⇔ 〈ζa〉+ 〈αa〉+ 〈βa〉+ 〈Ja〉 6= 0 (4.1)
and it is fulfilled if one of the four isotriplets 〈ζa〉 , 〈αa〉, 〈βa〉 and 〈Ja〉 is different from zero.
If two of these VEVs or more are different from zero, one has to ensure that their sum is non
zero. This feature can be established by starting from the rigid Ward identity (3.9) that we
rewrite it as follows
GAB +M
A
B = δ
A
BVN=2scal +DAB (4.2)
with scalar potential VN=2scal given by eqs (3.47). By performing a similarity transformation
on (4.2) by multiplying its members on right by the matrix transformation U and on left by
its inverse U−1, we can diagonalise the traceless matrix anomaly DAB like
D˜
A
B =
(
|d| 0
0 − |d|
)
, D˜ = U−1DU (4.3)
where |d| stands for the norm of the isovector da in eq(3.49). Under this transformation, the
rigid Ward identity becomes
G˜
A
B + M˜
A
B =
(
VN=2scal + |d| 0
0 VN=2scal − |d|
)
(4.4)
So the partial breaking occurs when
VN=2scal = ± |d| , d 6= 0 (4.5)
In what follows, we give an illustration of this condition and its solution by first showing
how the ADJ model can be recovered from this construction; and how (4.5) is realized in
terms of the electric and magnetic FI charges.
4.2 Deriving the ADJ model
To recover the ADJ model, we give particular values to the moment maps in (3.6). This is
obtained by making appropriate choices of the charges namely: (1) the values of the (eai , m
ia)
electric/magnetic FI charges; and (2) the values of the (gi, η
i) gauge coupling charges. For
the case of the electric eai and magnetic m
ia FI charges, which can be written as follows [6]
L(elec)FI = eai Y ai (4.6)
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where
eai =
1
4


− Im ei
Re ei√
2ξi

 (4.7)
are the electric FI charges vector, while the SU (2)R triplets Y
ai are the N = 2 auxiliary
fields,
Y ai =

 −2 ImF
i
−2ReF i√
2Di

 (4.8)
Using the above SO(3) ∼ SU (2)R vector Y ai, we can write the magnetic FI term of [6] as
follows
L(mag)FI = ImFijmiaY aj ,
where the electric FI charges vector mia reads explicitly as follows
mia =
1
4

 m
i
0
0

 (4.9)
Moreover, as was shown in [6], the complex hypermultiplet conrtibutions modify the above
electric FI charges as follows:
Lhyp + Lint ⊃
∫
d4θ
[
Q1e
−2gV Q¯1 +Q2e2gV Q¯2
]
+
∫
d2θ
[
i
√
2
(
n∑
l=1
glX
l
)
Q1Q2
]
+ h.c
= Eai Y ia + ...
with Y ia are the auxiliary field vectors (4.8) and
Eai = gi̥a (4.10)
where
̥
a =
√
2

 Im (iq1q2)Re (iq¯1q¯2)
−1
2
[|q1|2 − |q2|2]

 (4.11)
Thus, from the above discussion we conclude that the ADJ model is obtained by choosing
the FI and coupling charges eai , m
ia and Eai in (3.6) as respectively in the equations (4.7),
(4.9) and (4.10) while setting Mia = 0.
We note that thanks to the magnetic coupling, in the appendix, one can have the following
magnetic term
LCS ⊃
∫
d2θ
n∑
l=1
ηiFl
(
i
√
2Q1Q2
)
+ hc
= ImFijMiaY aj
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with Mia is the following magnetic coupling charge vectors
Mai = ηiMa = ηi


√
2 Im (iq1q2)√
2Re (iq¯1q¯2)
0

 (4.12)
By substituting the above choices back into eq(3.47), the effective scalar potential Vscal =
S0 + J0 is given by
Vscal = 2 |ηiFi − gizi|2
∣∣∣
η=0
(|q1|2 + |q2|2)
+ 1
16
Gij¯ (ei + imkFik − 4i√2gi) (ej¯ − imlF¯j¯l + 4i√2gj¯ q¯1q¯2)
+1
8
Gij¯ [ξi − 2gi (|q1|2 − |q2|2)] [ξ j¯ − 2gj¯ (|q1|2 − |q2|2)]
(4.13)
Comparing this expression with the ADJ model, we learn that Vscal is precisely the scalar
potential VN=2ADJ given by eq(3.1) of [6] where the scalar field zk is shifted by a constant like
zk → zk − im√
2
gk
g2
, g2 =
2∑
i=1
gi (4.14)
These shifts of zk correspond to replace the electric central charge Z = i
√
2 (ηiFi − gizi)|η=0
of our construction by
Z = m+ igiz
i
√
2 (4.15)
Notice that VEV of Vscal depends on the coupling constants and the VEVs of the scalar
fields of the theory namely the complex doublet (q1, q2) and the symplectic (z
i,Fi). If for
instance the condition ∂Vscal
∂qu
= 0 is solved by 〈qu〉 = 0, we have
〈Vscal〉 = 1
16
Gij¯ (ei + imk 〈Fik〉) (ej¯ − iml 〈F¯j¯l〉)+ 18Gij¯ξiξ j¯ ≥ 0 (4.16)
with 〈Fik〉 = Fik [〈z〉] where the 〈zi〉’s solve the condition ∂Vscal∂zi = 0. For these values the
anomaly vector (3.50) reads as
〈dc〉 = 2εabcmaiebi = 2
(
~mi ∧ ~ei
)
c
(4.17)
where eai and m
bi are the electric and magnetic charges eqs(4.7, 4.9). Thus, the norm 〈|d|〉
characterising the partial breaking of N = 2 supersymmetry reads as follows
〈|d|〉 = 1
8
√
mimj
(
Re eiRe ej + 2ξiξj
)
(4.18)
If we further choose the complex electric FI charges ei to be pure imaginary, the VEVs of
the scalar potential (4.16) and the norm (4.18) become
〈Vscal〉 = 1
16
Gij¯ (Im ei +mkFik) (Im ej +mlF¯j¯l)+ 18Gij¯ξiξj
〈|d|〉 = 1
4
√
2
miξi (4.19)
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Hence, the partial breaking condition (4.5) becomes
Gij¯ (Im ei +mkFik) (Im ej +mlF¯j¯l)+ 2Gij¯ξiξ j¯ = ±2√2miξi (4.20)
which can be rewritten as follows
(
Im ej¯ +m
k ReFkj¯
)2
+
(
Gij¯mj¯ ∓
√
2ξi
)2
= 0 (4.21)
and so has the following solutions
ξi = ±
1√
2
Gij¯mj¯ , Im ej¯ = −mk ReFkj¯ (4.22)
which coincides with the partial breaking condition given in eq(4.9) of the ADJ model [6].
5 Conclusion
In this paper we have studied the partial breaking of rigid N = 2 supersymmetric gauge
theory of n vector multiplets coupled to complex hypermultiplets by using the ADFT method
given in [7]. To that purpose, we have first reviewed the ADFT method where partial
breaking of rigid supersymmetry is induced by an anomalous isotriplet vector ζa originating
from the hidden sector in the rigid limit of gauged N = 2 supergravity. This isovector has
the form ζa ∼ εabcmaeb with the isotriplet ea and ma standing for the electric and magnetic
Fayet- Iliopoulos terms. In our construction, which may be viewed as a generalisation of
ADFT method by adding complex hypermatter coupled to gauge degrees of freedom, we
showed that the anomaly ζa gets three extra contributions given by (4.1) namely 〈da〉 =
〈ζa〉+ 〈αa〉+ 〈βa〉+ 〈Ja〉. The ζa is as in ADFT method, and the three other contributions
〈αa〉 , 〈βa〉 and 〈Ja〉 are induced by the presence of complex hypermatter. The 〈αa〉 is
induced by the coupling between FI constant and the electric-magnetic coupling charges.
The 〈βa〉 is due to the coupling between electric and magnetic charges and 〈Ja〉 to local
dyonic mass. Non zero contribution of these anomalies are dependent on non-zero VEVS of
the hypermatter fields 〈qu〉 determined by minimizing the scalar potential. Their expressions
have been explicitly studied in subsection 3.2.
In the extension of the ADFT method developed in this paper, we also gave the rigid Ward
identity and the induced scalar potential of as well as the general condition for partial
breaking. By choosing a particular values of the components of our generalized moment
maps, we derived as well the scalar potential of the ADJ model and their partial breaking
condition. It would be interesting to obtain the extended APT method, studied in the present
paper, as an observable sector in the rigid limit of N = 2 gauged supergravity coupled to
complex hypermatter. Progress in this direction will be reported in a future occasion.
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A Dyonic couplings
First, we recall that in N = 2 supersymmetry one can distinguish two multiplets:
• Vector multiplet: which has the following θ˜- expansion
W
(
x, θ, θ˜
)
= X (x, θ) + i
√
2θ˜W (x, θ) + θ˜
2
(
−1
4
D¯2X¯ i
)
(A.1)
where X (x, θ) andW (x, θ) areN = 1 chiral superfields where the fermionicW (x, θ)’s
are precisely the N = 1 superfield strengths living inside the N = 2 ones.
• Hypermultiplet: which can be described by two N = 1 chiral superfields Qu = (Q1, Q2)
having opposite gauge charges and θ- expansions as follows
Qu = qu +
√
2θχu + θθGu (A.2)
where Gu are auxiliary fields.
The aim of this appendix is to give the extension of ADJ model by allowing dyonic gauge
couplings. To that purpose, we are interested only in the non-kinetic terms of the action,
namely the quadratic complex mass term [6]
Lmass = m
∫
d2θQ1Q2 + h.c (A.3)
where Q1 and Q2 are the twoN = 1 chiral superfields constituting theN = 2 hypermultiplet,
and the couplings to the gauge to the X i chiral superfields, of the N = 2 vector multiplet,
given by the following tri-superfield interactions,
Lint =
∫
d2θ
[
i
√
2
(
n∑
l=1
glX
l
)
Q1Q2
]
+ h.c, (A.4)
where X l, with l = 1, ..., nv are the first components of the N = 2 vector superfields W l.
We will start from the Lagrangian density (A.4) and show that it has an interpretation
in terms of N = 2 Chern-Simon interaction using the dual tensorial description of the
hypermultiplet (Q1, Q2). Then, we turn to study the N = 2 dyonic gauge invariant couplings
A.1 N = 2 Chern-Simons action
In this description, the Lint can be derived by starting from the N = 2 chiral superspace
action
LCS = −2i
∫
d2θd2θ˜
(
n∑
l=1
glW l
)
T N=2 + hc (A.5)
17
where T N=2 is the N = 2 tensor superfield with expansion as follows
T N=2 = Y (x, θ) +
√
2θ˜Υ (x, θ)− θ˜2
(
i
2
Φ +
1
4
D¯2Y¯
)
(A.6)
In this expansion Y (x, θ) and Φ are bosonic N = 1 chiral superfields while Υα is a spinor
N = 1 chiral superfield related to the N = 1 linear superfield L like
L = DΥ+ D¯Υ¯ , DDL = D¯D¯L = 0 (A.7)
The degrees of freedom are carried by the superfields Φ and L as the Y can be gauged out.
Indeed, notice that in the above θ˜- expansion of T N=2, the spinor superfield Υα is defined
up to the following gauge transformation
δgaugeΥα = −iW ′α , W ′α = −
1
4
D¯D¯Dα∆
′ (A.8)
where ∆′ is a general N = 1 real superfield and W ′α is its field strength. The N = 2
superspace version of (A.8) is given by
δgaugeT N=2 = −W ′ (A.9)
where W ′ is a N = 2 vector superfield strength. By θ˜- expansion of both sides of this
transformation, we obtain
δgaugeY =
1
2
D¯D¯∆′
δgaugeΥα = −iW ′α (A.10)
δgaugeΦ = 0
Notice that the gauge transformation (A.9) is just the N = 2 superspace version of the gauge
transformation δgaugeb
ρσ = ∂ρΛσ, where bρσ is a 2-form field whose field strength 3-form is
unchanged under this gauge transformation [17]. The gauge transformation (A.9) allows us
to eliminate the superfield Y but one can instead choose a gauge in wich is has it has only
a non vanishing imaginary part of the auxiliary field,
Y gauged =
i
4!
θ2εµνρσF
µνρσ (A.11)
where F µνρσ is a 4-form. Substituting (A.1) and (A.6) back into (A.5), we obtain the following
CS lagrangian density
LCS = −
∫
d2θ
[
n∑
l=1
gl
(
X lΦ
)
+
n∑
l=1
gl
(
W lαΥ
α
)
+ i
n∑
l=1
gl
(
mlY
)]
+ hc (A.12)
Comparing this action with (A.3-A.4), we learn that the gauge invariant Φ can be realised
as the product of two chiral superchamps as follows
Φ = i
√
2Q1Q2 (A.13)
The mass term mQ1Q2 can be generated by using thegauge invariant shift X
l → X l − i√
2
µl
and setting m =
∑n
l=1 glµ
l.
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A.2 N = 2 dyonic gauge couplings
Here, we want to comment on a property of the N = 2 superfield lagrangian density (A.5).
This superdensity has a remarkable dependence on the N = 2 prepotentials namely on the
quantity
Θ =
(
n∑
l=1
glW l
)
T N=2 (A.14)
which leads, after integration with respect to θ˜, to
∫
d2θ˜Θ =
n∑
l=1
(
glX
l
)
Φ +
n∑
l=1
(
glW
l
α
)
Υα (A.15)
As theN = 1 chiral superfield combination gX =∑nl=1 glX l is just a half part of a symplectic
invariant N = 1 chiral superfield namely
n∑
l=1
(
glX
l − iηl ∂F
∂X l
)
= GMCMNV M (A.16)
with
GM =
(
iηl
gl
)
, V M =
(
X l
∂F
∂Xl
)
(A.17)
where ηl are real parameters. One may think about (A.14) as just a part of the following
symplectic invariant quantity
Ξ =
(
n∑
l=1
glW l − iηl ∂F
∂W l
)
T N=2 (A.18)
These relations suggest that the N = 2 Chern-Simons action (A.5) can be made symplectic
invariant as follows
LCS =
∫
d2θd2θ˜
n∑
l=1
(
glW l − iηl ∂F
∂W l
)
T N=2 + hc (A.19)
which, by integration with respect to θ˜, leads to
LCS =
∫
d2θ
n∑
l=1
(
glX
l − iηlFl
)
Φ +
n∑
l=1
(
gl − iηjFjl
)
W lαΥ
α (A.20)
with
Fi = ∂F (X)
∂X i
, Fij = ∂
2F (X)
∂X i∂Xj
(A.21)
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